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Abstract
Frequentely it happens that isogenous (in the sense of Mukai) K3 sur-
faces are partners of each other and sometimes they are even isomorphic.
This is due, in some cases, to the (too high, e.g. bigger then or equal
to 12)) rank of the Picard lattice as showed by Mukai in [13]. In other
cases this is due to the structure of the Picard lattice and not only on its
rank. This is the case, for example, of K3s with Picard lattice containing
a latice of Todorov type (0, 9) or (0, 10).
1 Introduction and main statements
In recent times it seems that the following lines, written on page 394 (see lines
11–12) in [13] by Mukai during the 80s, received more and more attention:
”...there is a pair of K3 surfaces S and M such that T (S) ∼= T (M), but
N(S) 6∼= N(M), as lattices.”
To start with let us recall the following:
Definition. Let S be a K3 surface. A K3 surface M is called a Fourier–Mukai
partner of S if there exists an Hodge isometry (T (S),CωS) → (T (M),CωM )
(i.e. an isomorphism of lattices preserving the Hodge decomposition), where
ωS , ωM are the nowhere vanishing holomorphic two forms on S and M , respec-
tively.
Here, by a K3 surface we mean a smooth projective surface S over C with
OS(KS) ∼= OS and h
1(OS) = 0, and we consider the Hodge decomposition of
H∗(S,C) = H∗(S,Z)⊗C given by
H∗(i,j)(S,C) = H(i,j)(S,C) for (i, j) ∈ {(2, 0), (0, 2)}
H∗(1,1)(S,C) = H0(S,C)⊕H(1,1)(S,C)⊕H4(S,C).
It is well known that there exists pairs of K3 surfaces S and M with Hodge
isometric trascendental lattices but non isomorphic Picard groups. In particular
these pairs are given by non isomorphic K3s. By the above, it is clear that the
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Hodge isometry class of the trascendental lattice T (S) does not recover neither
the K3 surface S nor the Picard lattice, but only the genus of the Picard lattice,
and hence the interest for K3s with Picard lattice containing only one class in
its genus, naturally arises. For, in this case, one can still hope to recover the
K3 itself. Nowadays, one believes in the existence of such pairs, from a lattice
theoretical point of view as suggested in Nikulin’s paper [14] (see also page 394
in [13]), from a categorial point of view as in Bridgeland and Maciocia’s paper
(see the proof of Proposition 5.3 in [2]) or Orlov’s paper (see [18], the example
on the last page), but also from a geometric point of view for which we refer to
Morrison’s paper (see page 10 in [11]).
Recently, Oguiso in [16] showed that for any integer n one can give n pairs
of K3s as above. Moreover, given a K3 surface of Picard number ρ = 1, he
computed the number of non isomorphic K3 surfaces (of Picard number equal
to 1) with Hodge isometric trascendental lattices, i.e. the number of non iso-
morphic Fourier–Mukai partners of the given K3. In other words such a pair,
say S and M , is characterized by the existence of a Hodge isometry between
the relative trascendental lattices which does not extend to an Hodge isometry
between the K3 lattices H2(S,Z) and H2(M,Z). On the other hand, as showed
by Mukai in [13], one can always extend such an isometry between the relative
Mukai lattices H˜(S,Z) and H˜(M,Z). Let us recall the Mukai lattice is given by
the group H∗(S,Z) = H0(S,Z)⊕H2(S,Z)⊕H4(S,Z) endowed with the Mukai
product, defined for vectors v = (v0, v1, v2) and w = (w0, w1, w2) by setting
(v, w) = v1 · w1 − v0 · w2 − v2 · w0, i.e. a Hodge structure of weight 2 on the
cohomology ring of S, defined by mean of the cup product ·. The obstruction
to extend the isometry between T (S) and T (M) to the relative K3 lattices is
also related to the existence of non isomorphic primitive embeddings of T →֒ Λ,
where Λ is the abstract K3 lattice. On the other hand, this is not the case for
K3s of Picard number ρ ≥ 12 for which the primitive embedding T →֒ Λ is
always unique. From a lattice point of view, one could look for other conditions
to ensure such type of unicity result, e.g. under some conditions on the lattice
or on the orthogonal to its image under such an embedding. In this direction
we quote a result of Morrison (see [10] Theorem A1) which is the key point of
our proof of Theorem 1.2 for K3s of Todorov type (0, 10) and Picard number
equal to 11, and a computation by Miranda and Morrison of the number of
equivalence classes of such primitive embeddings ϕ : T →֒ Λ (see [9]). Later
this computation was generalized in [7] to get a formula to compute the num-
ber of Fourier–Mukai partners of any K3 surface. Note, the relevance of both
the knowledge of the genus of a lattice N and the map between the isometries
groups of N and of its discriminant AN := N
∨/N , for the case of the Picard
lattice NS(S) = N of a K3 surface S, is the main ingredient if one wants to
compute the number of Fourier–Mukai partners of S by mean of this formula.
Unfourtunately, as far as we know, there is not a general algorithm to compute
the genus of a lattice and hence the computation by mean of such a formula can
be not so trivial. On the other hand if one can find some geometric argument
for such type of computation, one can use, in many cases, the above formula,
to get the genus of the lattice. For example if S is a K3 surface for which the
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map O(N ′)→ O(AN ′ ) is surjective for all N
′ in the genus g(N) of N = NS(S),
then the number of classes contained in g(N) is given by the number of Fourier–
Mukai partners of S. We refer to [4] or [14] for conditions to ensure both the
existence of only one class in the genus of a lattice N and the surjectivity of the
map O(N) → O(AN ). In this direction some computations are given in [6] [7]
[8] [16], for example.
In this note we consider two special cases on the borded, with respect to the
Picard number, i.e. K3 surfaces of Picard number equal to 11 and 10, and we
focus on the following:
Problems.
a. Let S and M be two polarized K3 surfaces with Hodge isometric trascen-
dental lattices, T (S) ∼= T (M). Find conditions to ensure that S ∼=M .
b. As above replacing the Hodge isometry with an isomorphism of Hodge
structures preserving the Hodge decomposition:
T (S)⊗Q→ T (M)⊗Q.
Problem a. is related with K3s for which the Fourier–Mukai partner is unique
and we refer the reader to [2] [16] [8], for example. Problem b. concerns on
conditions such that an isomorphism of Hodge structure preserving the Hodge
decomposition, is induced by an isomorphism, a special case of a more general
phenomena regarding isomorphism induced by compositions of prime isogenies
and elements representing zero in the Picard lattice of a K3 (see [15]). Let us
remark there exist ”many” examples of K3 surfaces for which any isomorphism
of Hodge sructure is induced by an isomorphism between the K3s. As remarked
this is the case of isogenous (in the sense of Mukai) K3 surfaces with Picard
number bigger then or equal to 12.
Clearly, there are also many examples of isogenous K3 surfaces (S,M) which
are not isomorphic, and moreover with not Hodge isometric trascendental lat-
tices, but always isomorphic Hodge structure (i.e. over Q). In this case we are
dealing for example, as showed by Caldararu in [3], with non fine moduli spaces
M of sheaves over S. The non fineness property is related, in this case, to the
existence of an element in the Brauer group of the moduli space α ∈ Br(M) (see
[3]) or, equivalently, to the existence of a non trivial element in the cokernel of
the map T (M)→ T (S) induced by the map on the Mukai lattices constructed
by means of a quasi universal sheaf on the product S ×M (see [13]). In this
case the example we have in mind is the one given by Mukai in [13], i.e. S is the
base locus of a general net of quadrics in P5, and M is a sextic double plane of
Picard number equal to 1 – the moduli space of H–stable rank–two sheaves over
S with Chern classes c1 = H and c2 = 4, being H the class of an hyperplane
section of S (see Example 2.8 in [13]).
In this note we consider a special case of the border case ρ(S) = 11, which
is in some way our working example. For, let us consider the K3 cover S → T
of an Enriques surface T . It was showed by Verra (see [19]) the existence on S
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of a polarization H of degree 8, i.e. H2 = 8, such that S is the base locus of
a net of quadrics in P5 and the involution induced by the natural involution of
P5 is such that S/i ∼= T . Moreover it was showed by Cossec (see [5]), when T
is of special type, say a Raye Congruence, then there exists h on S of degree 2
such that S → P2 is a double cover ramified along the union of two generically
smooth cubics intersecting transversally endowed with a totally tangent conic
out of the intersection points of the two cubics. We focus our attention on these
two cases. First, we relate the two classes h and H , using the same procedure
used by Mukai for the general case. This is done considering the K3 cover S as
the base locus of a special net of quadrics in P5 as in [19].
Theorem 1.1. Let S be a K3 surface which is universal covering of an En-
riques surface T . Then, there exists H on S of degree 8 such that the moduli
space MS(2, H, 2) is a double plane ramified along the union of two generically
smooth cubics, which are fixed by the covering involution. When T is of type
Reye congruence, then there exists an Enriques–Cayley class h of degree 2 over
MS(2, H, 2). In particular S and MS are isomorphic.
The second statement of the previous theorem is a consequence, after having
showed that MS is a partner of S, by the of the following more general result
on (the minimal desingularization of) K3 surfaces of Todorov type, which is our
second main remark:
Theorem 1.2. The number of Fourier–Mukai partners of a K3 surface of Todorov
type is equal to 1.
The proof of previous theorem is essentially contained in the proof of Theo-
rem 6.1 in [12] if one follows the same strategy as the one used by Mukai in [13]
for the case of K3 surfaces of Picard number bigger then or equal to 12. Note
also, our result is not so surprise since the Picard number of a K3 of Todorov
type is an integer between 10 and 17, and from 12 on the result was yet known.
So our contribution regards only the cases for which ρ = 10 and ρ = 11. We
advise the reader our notion of K3 surface of Todorov type does not include
the ones of type (5, 16). This case will be considered in Example 3.1 as an
application of the formula derived in [7].
Finally, few words on Theorem 1.1. In general MS is not a partner of S,
unless it is isomorphic to S, but one can still consider it as an α–twisted partner
in the sense of Caldararu (see [3]).
Aknowledgement. I have to thank Professor A.Verra for his interest in
the subject o this paper.
2 A proof of Theorem 1.2
In this section we give a proof of Theorem 1.2. Let us briefly recall some
generalities on Todorov lattices and K3s of Todorov type. We refer the reader
to [10] or [12] for more details.
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Definition. Let Λ be the K3 lattice and let Ek be the lattice generated by the
elements e1, · · · , ek with ei · ej = −2δij, δij = 1 if i = j and δij = 0 otherwise.
Let j : Ek →֒ Λ be an embedding. The ”double point lattice Lα,k” is the lattice
defined as the saturation of Ek⊗Q∩j
−1(Λ). We have [Lα,k : Ek] = 2
α and α is
called the “2–index of Lα,k”. The ”Todorov lattice Mα,k” is the lattice generated
by Lα,k and the elements λ, µ such that:
(i) α ≤ 4, k ≥ 9, and 24−α(2α − 1) ≤ k ≤ α+ 11 with (α, k) 6= (1, 9);
(ii) λ2 = 2k − 16;
(iii) λ · Lα,k = 0;
(iv) µ = 12 (λ+
∑
i ei).
Our main interest in this paper are K3 surfaces S for which NS(S) contains
a Todorov lattice, in this way we can reduce the proof to an arithmetic condition
on the Picard lattice. Let us recall in [10] it is showed the existence of Todorov
lattices for each of the following pairs:
(α, k) ∈ {(0, 9), (0, 10), (0, 11), (1, 10), (1, 11), (1, 12),
(2, 12), (2, 13), (3, 14), (4, 15)}.
As remarked in the introduction the maximal rank of a Todorov lattice is 17,
while by the above list one gets 16 as maximum. We prefered to define Todorov
lattice in such a way not including this last of rank 17 and type (5, 16), included
in [10], since it corresponds to Kummer surfaces for which our main result will
be derived in Example 3.1, as an application of the formula for Fourier–Mukai
partners derived in [7].
Definition. A ”K3 surface of Todorov type (α, k)” is a K3 surface S with
rational double points endowed with an ample line bundle l of degree l2 = 2k−16
and a partial desingularization ν : Σ → S with k ordinary double points which
has 2–index α and such that if π : X → Σ and µ = ν ◦ π are the minimal
desingularizations then
1
2
c1(µ
∗(l))⊗ OX(
∑
p∈SingΣ
π−1(p)) ∈ H2(X,Z).
For a general K3 surface S of Todorov type (α, k) we have NS(S) = Mα,k
and Σ = S. In this paper we will frequently refer to a K3 of Todorov type as to
its minimal desingularization.
Example 2.1. An example of a K3’s of Todorov type (0, 9) is given by double
covering of a plane branched along the union of two cubics C1, C2 intersecting
transversally. For the case (0, 10) we require the existence of a totally tangent
conic to the two cubics out of the intersection points of the two cubics. Let us
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remark, as showed by Cossec (see [5]), the K3 cover of an Enriques surface of type
Reye Congruence admits such type of double plane representation. As showed
by Morrison and Saito in [12], the action of the plane Cremona transformations
on such planes provides other examples of such K3s.
Let us start recall the following:
Definition. The ”signature” of a non degenerate lattice L is the pair (r+, r−)
describing the number of positive and negative eingevalues of the induced quadratic
form on L ⊗R. A ”positive sign structure” on a non degerate lattice L of sig-
nature (r+, r−) is a choice of one of the connected components of the set of
oriented r+–planes in L ⊗ R on which the form is positive definite. The sign
structure containing the oriented ν plane is denoted by [ν]. O(L) denotes the
orthogonal group of L and O−(L) denotes the subgroup of isometries preserving
a sing structure.
Definition. Let j : Mα,k →֒ Λ be a primitive embedding of Mα,k into the K3
lattice Λ and denote by Tα,k = j(Mα,k)
⊥. Fixed a positive sign structure [να,k]
on Tα,k the ”period space” Dα,k is defined by setting
Dα,k = {ω ∈ P(Tα,k ⊗C) : ω · ω = 0, ω · ω > 0, Re(ω) ∧ Im(ω) ∈ [να,k]}.
We also need the following (see [13]):
Definition. Two K3 surfaces S and M are called “isogenous in the sense of
Mukai” if there exists an algebriac cycle Z ∈ H4(S×M,Q) inducing an isometry
between H2(S,Q) and H2(M,Q) by setting t → πM,∗(Z · π
∗
S(t)). In particular
this is equivalent to the existence of an algebraic cycle Z on S ×M such that
the component Zt of Z in T (S) ⊗ T (M) ⊗Q induces a rational cohomological
isogeny between S and M , i.e. an isometry of forms T (S)⊗Q→ T (M)⊗Q.
Let us remark isogenous K3 surfaces in the above sense are not always part-
ners each other.
Let S be a K3 surface of Todorov type and M be a partner of S. Let us
denote by ϕ : T (S)→ T (M) the induced Hodge isometry between the relative
trascendental lattices. To show Theorem 1.2 our main tools are the following
results (see Theorem 3.3 and 6.1 in [12], respectively):
Proposition 2.1. Let Mα,k be a Todorov lattice and f :Mα,k →֒ Λ be a prim-
itive embedding into the K3 lattice. Let us denote by Tα,k = f(Mα,k)
⊥ the
orthogonal complement of the image of f . If ψ1, ψ2 : Tα,k →֒ Λ are two primi-
tive embeddings then there is some γ ∈ O−(Λ) such that γ ◦ ψ1 = ψ2.
Proposition 2.2. Two K3 surfaces of Todorov type, say S and M , giving the
same point in the period space of K3s of type Mα,k are birational isomorphic.
Moreover there is an isomorphism between the minimal desingularizations S˜ and
M˜ of S and M , respectively.
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Proof of Theorem 1.2. Let M be a partner of S and consider the two prim-
itive embeddings T (S) →֒ Λ and T (M) →֒ Λ. Since as lattices H2(S,Z) ∼=
H2(M,Z) ∼= Λ by Proposition 2.1 there exist γ ∈ O−(Λ) such that γ|T (S) = ϕ.
The conclusion follows now by Proposition 2.2.
3 A proof of Theorem 1.1
Let S be a 2–dimensional complete intersection of three quadrics Q1, Q2, Q3 in
P5 and N be the net spanned by the quadrics Qi. The discriminant of such
a net is a plane sextic, generically smooth, representing the locus of singular
quadrics in the net. There are some special nets which are our main interest in
this section being related to K3 surfaces universal covering of Enriques surfaces,
which we recall in the following:
Definition. A net of quadrics N in P5 is called an ”Enriques net of quadrics”
if the base locus Bs(N) is a K3 surface universal covering of an Enriques surface
T .
Generically a net of such type contains nine rank 4 quadrics and the dis-
criminant curve splits as the union of two smooth plane cubics intersecting
transversally (see [19]). The double covering of the net ramified along the union
of two cubics as above, as remarked, is a K3 of Todorov type (0, 9). Note the
cubics are fixed by the covering involution.
Let us consider the base locus S of a general net of quadrics N in P5 and
denote by MS the moduli space of H–stable rank–two sheaves with Chern
classes c1 = H and c2 = 4, i.e. with Mukai vector v = (2, H, 2). Mukai showed
(see [13]) the following:
Proposition 3.1. The moduli space MS is a K3 double plane ramified along a
smooth plane sextic – the double cover of the net N ramified along the discrim-
inant locus of the net.
Proof. Let S be the base locus of a general net N of quadrics in P5. Let us
recall that if E = [E ] ∈MS then we have an exact sequence
0→ OS → E → IZ(H)→ 0
and h1(E) = h1(IZ(H)) − h
2
OS = h
1(IZ(H)) − 1. By the standard exact
sequence
0→ IZ(H)→ OS(H)→ OZ(H)→ 0
since h0(OS(H)) = 6 it follows, for general Z, h
1(IZ(H)) = 1, h
1(E) = 0 and
hence h0(E) = 4. Moreover since S is complete intersection of three quadrics
in P5, and since we have assumed S ”general”, then S is the base locus of a
net of quadrics N containing quadrics of rank bigger then or equal to 5. For
such a net it is canonically defined a double covering map π : N˜ → N which
is generically 2 : 1; for, on a smooth quadric Q the preimage π−1(Q) consists
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of the two rulings of Q. Clearly, this map ramifies along the set of quadrics
for which there exists only one family of maximal linear subspaces, and hence
it ramifies along the set of singular quadrics No. We will show that N˜ =MS .
It is known that dimMS = 2. For, since h
0(E) = 4 for a general E ∈ MS
then the section Zt = {st = 0 : t ∈ Γ}, Γ ∼= P
3, moves in a 3-dimensional
family of sections which in turn correspond to one of the two 3-dimensional
family of planes ∆ = {P2t : t ∈ Γ} contained in a smooth quadric Gr(2, 4) ⊂ P
5
simply setting Zt = P
2
t ∩S. For, bundles coming from smooth quadrics arise in
pairs, i.e. to a quadric Q ∈ N corresponds two rank–two bundles fitting in the
following exact sequence
0→ τ → O4Q → τ → 0,
where τ and τ are the universal subbundle and quotient bundle onQ = Gr(2, 4) ⊂
P5, and define by restriction two bundles E = (τ |S)
∨ and E = τ|S on S. Clearly
c1(E) = c1(E) and c2(E) = c
2
1 − c2(E) = 4. Hence it is defined a 2:1 map
MS → N and this map ramifies along the set of quadrics containing S for
which there exists only one family of maximal linear subspaces and hence along
singular quadrics containing S, and N˜ =MS .
Since the set of singular quadrics in P5 is a hypersurface of degree 6 in the space
of all quadrics in P5, |OP5(2)| = P
20, and since the quadrics of the net are not
all singular, then the set of singular quadrics containing S is a hypersurface No
of degree 6 in the plane N = P2: it is a plane sextic curve No. Let us show
that it is smooth. First, since we assumed that all quadrics containing S have
rank bigger than or equal to 5, then the set of singular quadrics containing S
is given by the set of rank–5 quadrics. Note that, since S is smooth, Q is a
smooth point for No if and only if Sing(Q) is a point. If Q ∈ No then Q is a
quadric in P5 with rk(Q) = k ≤ 5 hence Sing(Q) = P5−k is a point if and only
if k = 5. Since in our hypotheses, every quadric containing S has rank bigger
than or equal to 5 every point Q ∈ No is a smooth point and the plane sextic
No ⊂ N is smooth.
In particular it follows that MS is again a K3, double covering of P
2 = N ,
φ :MS → P
2, branched along a smooth plane sextic curve No ⊂ P
2. Note that
while S is a K3 surface of genus 5 and degree 8, MS is a K3 surface of genus
2 and degree 2 on which we have the natural involution i which interchanges
the sheets of the cover, since it interchanges the rulings of the quadric on which
acts; the locus of fixed points of such involution, i.e the subset of points x ∈MS
such that i(x) = x, is clearly the preimage φ−1(No), since only for this last
there exist only one family of maximal linear subspaces. For, if x ∈ N \ No,
then x represent a rank–6 quadric Q containing S and the two families ∆ and
∆ of maximal linear subspaces contained in Q represent the global sections
Zt = P
2
t ∩ S and Zt = P
2
t ∩ S, of two rank–two bundles E , E on S. Since the
elements of the two family as above are interchanged by the involution iS also
the section Zt and Zt are interchanged and hence the bundles represented by
the above quadrics are also interchanged, and any one of them is the involutive
of the other one. To a point x ∈ No corresponds a quadric Q(x) for which there
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exists, by construction, only one family of maximal linear subspaces, and hence
this unique family parametrizes the sections of a unique sheaves E corresponding
to its unique family of sections and hence to x. It follows that φ−1(No) is in the
ramification locus of the above covering which coincides with the fixed locus of
the above involution.
Using the same procedure as in previous proposition we show that the same
result holds for the base locus of an Enriques net of quadrics. In this case the
discriminant of the net splits as two smooth cubics intersecting transversally.
Proof of Theorem 1.1. Let us consider the case of a K3 S base locus of an
Enriques net of quadrics N . Also in this case, as in the general one, we have a
2:1 map MS → N ramified along a plane sextic No ⊂ N relating the moduli
space with the net of quadrics and hence with the K3 surface S. The difference
with respect to the general case is that in this case the plane sextic, which is
the discriminant of the net, is split as the union of two plane cubics ∆A and
∆B. For, singular points of No correspond to rank–k quadrics contained in the
net with vertex at least of dimension one. Since the dimension of the vertex is
equal to 5− k, Q is a singular point for No if 5− k ≥ 1 hence if rk(Q) = k ≤ 4.
Since for a general Enriques net of quadrics there are no quadrics containing S
of rank minor then or equal to 3 we have only the rank–4 ones to consider. Note
that on MS we have two possible involutions to consider; the first one induced
by the covering π which interchanges the sheets of the cover, i.e. the covering
involution, and the other one induced by the involution iS. These are equivalent
and the fixed locus of both is the preimage of the plane sextic No = ∆A∪∆B, as
in the general case. When T is of type Reye Congruence we claim the following:
Claim: MS is a partner of S. The claim follows by the proof of Theorem
6.1. in [12], since MS has the same period of S.
Example 3.1. Let us consider the case of a Kummer surface S. The unicity
of the partner is still known by [13] for reason of the Picard number. On the
other hand, setting N = NS(S), since the map O(N) → O(AN ) is surjective
(see [12]) and since the determinant of N is equal to 26, then by Corollary 3.7
in [7] one gets the required unicity result.
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